We report heat pulse experiments at room temperature that cannot be described by Fourier's law. The experimental data are modeled properly by the Guyer-Krumhansl equation, in its over-di usion regime. The phenomenon may be due to conduction channels with di ering conductivities and parallel to the direction of the heat ux.
Introduction
Fourier's law of heat conduction is one of the most important laws of physics in our everyday life. Energy consumption of heating systems, power plants, and industrial processes are designed and manufactured with the help of the classic formula, expressing that the heat ux q is proportional to the temperature gradient:
Here, k is the heat conduction coe cient. However, at low temperatures and in small systems Fourier's law is violated. The most important related phenomenon is called second sound, that is when temperature disturbances propagate like damped waves. The Maxwell-Cattaneo-Vernotte (MCV) equation [ -] introduces the inertia of heat, adding a time derivative term to the Fourier equation:
The coe cient of the time derivative, τ, is called relaxation time. This equation is the simplest model of the second sound phenomenon observed rst in liquid helium [ ]. Later on, the analysis of the theoretical background [ ] resulted in the observation of second sound also in solid crystals, via properly designed experiments [ -] . Here, the heat pulse technology was crucial for sensitive detection. This experimental technique is practically important in itself, in the form of the ash method, a standard engineering procedure for determining thermal di usivity [ ]. Theoretical aspects of heat pulse experiments have been shortly reviewed in [ ].
The MCV equation is not the last theoretical development, there were many independent suggestions that further generalize the Fourier law, predicting additional terms on various grounds [ -] . The two simplest and most discussed models are the Guyer-Krumhansl (GK) equation and the Je reys-type equation [ , ] , the two coinciding in one spatial dimension.
The low-temperature heat pulse measurements in dielectric crystals exploit well understood microscopic mechanisms of phonon propagation [ ]. However, the phenomenological considerations, especially the theory of non-equilibrium thermodynamics, predicts a universal, mechanism-independent background of the MCV equation, where the deviation from local equilibrium is restricted only by the second law of thermodynamics [ , ] .
These ideas, in particular the universality, motivated several authors for nding non-Fourier heat conduction at room temperature in heterogeneous materials as well. The rst experiments reported positive results [ , ] , but these results were not con rmed later, more properly, the attempts of exact reproduction of these experiments are contradictory [ -] .
However, genuine thermodynamic theories, like extended irreversible thermodynamics [ ], predicted universality originally only with respect to the MCV equation. That may be the reason why in the abovementioned early experiments, the authors have been looking for qualitative phenomena characteristic only of the MCV equation: delay in the arrival time of the pulse and the corresponding abrupt temperature change.
The thermodynamic derivation of the MCV equation assumes heat ux-dependent entropy density. One can obtain a more complete characterization of the deviation from local equilibrium by considering a generalized form of the entropy current density as well [ , ] . In this respect, the idea of current multipliers is particularly convenient for solving the entropy inequality [ , ] . For heat conduction, one obtains a general theory that incorporates all viable known constitutive relations, including MCV and GK. Moreover, it provides a promising modeling framework to reproduce combined second sound and ballistic heat propagation e ects [ , ] . The universal extension of the MCV equation motivated us to look for non-MCV type extension of the Fourier law in experimental observations where the wave equation signatures are suppressed. In the last years, we performed an experimental-theoretical research to identify suitable qualitative signatures of detecting non-Fourier heat conduction beyond the MCV equation [ -] .
In this article, we show a simple heat pulse experiment at room temperature on a macroscopic sample, where the heterogeneities may result in deviation from Fourier law. However, this deviation cannot be modeled by the MCV equation, rather the observed characteristic non-Fourier phenomenon is typical for the GK equation.
The article is organized as follows. In the next section, the experimental background is described. Then the inverse problem is formulated. In the third section, we analyze a representative measurement and determine the parameters of both the Fourier and of the GK equations t to the experiment. Finally, we summarize and discuss the results.
Heat pulse experiments at room temperature Our experimental device had been developed at the Budapest University of Technology and Economics, Department of Energy Engineering, for industrial use of the ash method and has been modi ed for the recent experiments. A ash lamp serves as the heat pulse source at the front end of the sample, and temperature is measured by a pin-thermocouple (K type) at the rear end. The thermocouple and the detector part are insulated from the heat pulse and from the electromagnetic noises. The heat pulse is measured directly at the front end by a photovoltaic cell, providing the triggering signal for the data acquisition. A typical pulse shape can be seen in Figure . The electric signal is ampli ed by a special variable preampli er and is registered by a digital storage oscilloscope (Tektronix, TDS B) . A sketch of the experimental setup is shown in Figure , and a photo of a specimen in the sample holder can be seen in Figure . The studied specimen in the experiment has a cylindrical shape with L = . mm thickness and d = mm diameter. The specimen is composed of aluminum ( µm) and polystyrol ( µm) Figure . The form of the heat pulse, measured by a photovoltaic cell. layers, arranged parallel to the heat pulse. The front side is painted black to ensure uniform boundary conditions as well as to eliminate the transparency of the sample. At the rear side, a silver painting is applied to ensure the thermocouple measures an e ective temperature of the heterogeneous material. The experimental device was calibrated using several samples with known heat di usivity. The measurement was performed at ∘ C room temperature.
The Guyer-Krumhansl equation
We have solved the inverse problem both with the Fourier equation and with the GK equation of heat conduction, and determined the parameters of the di erential equations according to the experimental data. The following system of partial di erential equations was applied:
) is the local balance of energy, where ρ is the density, c is the speci c heat, t denotes time and x the spatial coordinate in the direction of the heat propagation. Equation ( ) is the GK equation in one dimension, where k is the Fourier heat conduction coe cient, τ is the relaxation time and l is a non-negative material parameter of the GK equation [ ], and is expressed with the help of a characteristic length scale l. In what follows we solve the above system for the temperature and heat ux elds, T(x, t) and q(x, t), respectively. Equation ( ) originally was derived by Guyer and Krumhansl using the linearized Boltzmann equation to model low-temperature heat conduction in solids [ ]. Later on it was derived in the framework of kinetic theory by more general assumptions [ , ] . Nowadays it is extensively researched in small systems [ , ] . The GK equation was also obtained in the framework of non-equilibrium thermodynamics, assuming a minimal deviation from local equilibrium both in entropy density and in entropy current density [ , ] .
It is remarkable that system ( )-( ) has a hierarchical structure [ , ] . It is best seen by eliminating the heat ux and rearranging the system as follows:
One can observe that solutions of the Fourier equation are solutions of ( ), whenever
where α = k ρc . Hereafter we will call ( ) the Fourier resonance condition. If l /τ < α then the solutions of ( )-( ) show wavelike characteristics, while if l /τ > α then the solutions are over-di usive [ , ] . This is due to the hierarchical structure of the system of equations.
We are looking for solutions of ( )-( ) with heat pulse boundary condition at the front side. The heat pulse is introduced in the form
This pulse pro le is di erent from the measured one, see Figure , but the length of the pulse is much shorter than the characteristic timescale of the experiment so the particular shape is insigni cant if the energies, given to the sample by the pulses are equal. For our experiment t p = . s. The backside boundary is considered adiabatic q(L, t) = . Initially, the temperature distribution is uniform and the heat ux is zero along the sample, that is, T(x, ) = T (= ∘ C) and q(x, ) = .
It is convenient to introduce a dimensionless form of equations ( ) and ( ), by the following de nitions of the dimensionless variablest ,x ,T,q , for time, position, temperature and heat ux, respectively:
where
The dimensionless parameters are, consequently,
Accordingly, the non-dimensional form of the equations is
( )
The boundary and initial conditions arê
For the Fourier equation, the last initial condition is not necessary.
Solution of the inverse problem
System ( )-( ) is remarkably stable, and this is an advantage for the calculation of the parameters best tting to a given measurement data. These calculations were performed with the built-in non-linear regression algorithm of Mathematica . , using the solution of the system of partial di erential equations as an input function. Figure demonstrates our results. In both panels, the thin, noisy curve is the measurement data of a heterogeneous sample, comprising data points (the data set is enclosed to the preprint version [ ]). Both the temperature and the time scales are non-dimensional. The solid curves represents the best approximation of the data by the Fourier equation on the left panel and that of the GK equation on the right panel. For the Fourier solution, the thermal di usivity is the only parameter; the regression analysis gives α = [ .
. For the GK heat conduction model, the best approximation of the data is given by material pa-
The dimensional standard errors of the statistical analysis are calculated assuming exact L and t p values. The goodness of the regression is better than that of the Fourier one, as it is visible in the gures as well as by the higher R = .
value. One may observe that the arrival time of the best t Fourier signal is longer than the experimentally observed value. The prediction of the MCV equation is a delay compared to Fourier's model. In case of normal Fourier heat conduction, if the pulse length is comparable to the arrival time, then the measured signal is delayed up to the half time and quicker afterward. In our measurement, the opposite e ect happens. ± ⋅ − in the left panel and that of the GK models ( ) and ( ) withα = .
± ⋅ − ,τ = . ± . , andl = .
± . in the right panel. The best tted parameters of the GK equation indicate over-di usive propagation becauseατ <l .
Discussion
We have presented a heat pulse experiment at room temperature in a macroscopic, heterogeneous specimen and compared the experimental results with solutions of the Fourier equation and also with the GK equation. The parameters of the GK equation, the relaxation time, τ = . s, and the characteristic length scale, l = . mm, are determined from the experiment. The characteristic length is comparable with the size of the sample, and the relaxation time is larger than the pulse length. The detailed explanation of the origin of the experienced non-Fourier behavior requires further experimental and theoretical studies. For example, according to the solution of the inverse problem, the thermal di usivity of the specimen is α = × − m /s (between the thermal di usivity of aluminum and polystyrol). Therefore, the propagation speed of the second sound is v ss = α/τ = .
m/s. However, the apparent arrival time of the heat pulse in the experiment is about . to . s, indicating a signi cantly faster pulse propagation speed.
The solution of the inverse problem is based on the system of equations ( ) and ( ), where the unknown elds are the temperature and the heat ux. One can eliminate the heat ux and obtain a single partial differential equation for the temperature (e.g., in the form ( )), which would be preferable here on principal grounds because we only measure temperature. However, there are some practical advantages using the heat ux as an auxiliary variable: according to our experience, the stability properties of the numerical solution are better for the system and the boundary conditions can be given more conveniently. We did not give the calculated heat ux because that quantity cannot be measured in our experiments.
Our heterogeneous sample can be considered as a metamaterial [ -] with a layered structure. These materials have recently gained attention because of the potential technological importance of manipulating heat ow [ , ] , mostly in the context of anisotropic heat conduction [ , ] , grading [ ], and in nanosystems (see, e.g., [ , ] ). Our investigation shows that at given circumstances, the basic evolution equation changes and that may result in new phenomena with an unexpected e ective application potential with the help of transient e ects. 
